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18 EVEN MORE
CALCULUS

Chapter 18 Even More Calculus

Objectives

After studying this chapter you should

* be able to differentiate and integrate basic trigonometric
functions;

e understand how to calculate rates of change;

e be able to integrate using substitutions;

e be able to integrate by parts;

* be able to formulate and solve simple first order differential
equations.

18.0 Introduction

In the earlier chapters 8, 11, 12 and 14 you met the concept of
differentiation and integration. You should be familiar with the
differentiation and integration of functions suchxds €* and In

X. In this chapter the range of functions is expanded to include
the differentiation and integration of trigonometric functions and
two important methods of integration, namely substitution and
by parts, are dealt with. Finally, there is an introduction to the
important topic of differential equations.

18.1 Derivatives of trig functions

Intuitive ideas

The derivative of a general functionf(is given by

#(x) = Iime(x+h)—f(x)%
h-0[] h g

You are going to obtain the derivatives of gjrcosx, and tarx.

Remember that the derivative of a function at a given point is
given by thegradient of that function at the given point.
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Chapter 18 Even More Calculus

Suppose you look at a sketch of the graphxsamd sketch in the
tangents for values of of:

m . m 31
1_7-[1_7!0!7!7-[17
2 2 2

2
This is shown opposite.

These tangent values when plotted againsill look like the
sketch opposite.

This suggests that the graph of the function for the tangent may
be something like the sketch opposite.

This sketch suggests that the derivative ofxsimight be cos,
but this illustration is certainly not a proof.

Activity 1

By considering the graph of caswith tangents drawn at key
points, show that the derivative of cosight be — sirx.

Using a calculator or computer
The derivative of six is given by

Osin(x +h) - sinx%
D—

d, .\
—(sinx) = lim o

dx

Using a calculator or computer you can try some specific
examples - using a set value foand makingh small.

Why is it not possible to take the actual value when h=07?
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Chapter 18 Even More Calculus

For instance, setting =0.2 andh =0.00004

sin(0.20003-sin(0.2 _ 0.198708533 0.198669331
0.00004 - 0.00004
_0.000039202
~ 0.00004
=0.98005

= coq 0.200083497

So, approximately

sin(0.20002 - sin( 0
0.00004

2 =cog 0.2

Activity 2

Either calculate

sin(x + h) = sinx
h

for other values ok and very small values df,

or write a computer programme to evaluate

sin(x + h) = sinx
h

for various values of and very small values df.

In each case show that

sin(x + h) = sinx
h

= COsX

Geometric proof

It is also possible to use the unit circle to demonstrate that, for
example,

—(sinx) = cosx

dx
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Chapter 18 Even More Calculus

In the diagram, shown oppositejs small, and
A'B' =sin(x +h)
AB =sinx
A'A =h (radiusxangle)

So sin(x +h) —sinx = A’'P

Now assume that whemis very small the ar&'A is
approximately straight.

So for the 'triangleA A'P

sin(x+h)-sinx _ A'P
= = cosx
h A'A

So, approximately, ih is very small

sin(x +h) —sinx
h

= COsX

Now, taking the limit a$ - 0, gives

(sinx) = cosx

dx

Activity 3

By considering the same unit circle diagram, show that

cogx + :) —COSX _ i

and, taking the limit ad - 0,

&(cosx) = -sinx

To find the derivative of tar, formally you can use the quotient
rule,

d luld_uv-vu 0, du y dvU

axv
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Chapter 18 Even More Calculus

giving
i(tanx) _ d Osinxd
dx dx EosxE
—(sinx) x cosx - sinx x i(cosx)
_ dx dx
(cosxy
_ COSX X cOsX —sinx x (—sinx)
(cosxy
_ (cosx)*+(sinx)’
(cosx)
_ 1
(cosxy’
This gives
d (tanx) = (secx)?
dx
Activity 4
Show that

i(cotx) = -coseéx
dx

So the three crucial results are

, , d
—(sinx)=cosx  or y=sinx[ Y = cosx

dx dx

—(cosx)=-sinx or y=cosxO Y — _sinx
dx dx

i(tanx) =seéx or y=tanxd & =seéx
dx dx

and, inverting these results

J'cosx dx=sinx+c
J'sinx dx=-cosx+c

J'seéx dx=tanx +c¢
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Chapter 18 Even More Calculus
- , d

Why is it that we cannot find — (tanx) when

x=tim+t3m+t3m..2? dx

To differentiatey = sinkx, wherek is a constant, you can define
a new variable by z=kx, so that

y =sinkx=sinz,

. dy
giving — =cosz.
dz
But dy :d—yxE (function of a function)
dx dz dx

and since z=kx

dz

then —=k
dx

So dy_ (cosz) x k
dx

giving dy _ kcoskx.
dx

Exercise 18A

1. Find the derivative of 4. Find di(cosecx) and di(setx).
X X
, -
() sin2x (b) sinzx Hence determine

(c) sin10Qx (d) cosX J’seo<tanx dx.
2. Find i(coskx) andi(tankx)

dx dx
3. Differentiate

(a) sin®(2x) (b) sin2xcos

(c) coé(%x) (d) tan®(2x)
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Chapter 18 Even More Calculus

18.2 Rates of change

From your earlier work on differentiation, you will recognise that
the rate of change of a variable, $ais given by%, wheret
t

denotes time. Often thoughis a function of another variable, say
X, SO that you need to use the 'function of a function' rule,

df _ df dx

dt ~ dx dt

We will see in the next two examples, how this result is used.

Example

The radius of a circular oil slick is increasing at the rate of 2 m/s.
Find the rate at which the area of the slick is increasing when its
radius is (a) 10 m, (b) 50 m.

Solution

Now A=1r?

giving dA E(7Tr2)
d dt

= i(an)ﬂ (using 'function of a function")

= 4rmr, sinceﬂ=2m/s.
dt

(a) Whenr =10m dd%_ 407r=125.7nt /s.

(b) Whenr =50m %‘— 2007r=628.3nf /s.

Example

A spherical balloon is blown up so that its volume increases at a
constant rate of 10 cits. Find the rate of increase of the radius
when the volume of the balloon is 1000%m
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Chapter 18 Even More Calculus

Solution
Now v:ﬂnr3
3
ving | v_ dma oo
gving dt er37Tr Udt
_ 2 dr
= 4rmr at
But ﬂl = 10
dt
. dr
ivin 10 = 4mr?=—
g g at
dr 5
Th ar -
us dt  2mr?

When the volume is 1000 cm the radius can be calculated from

1000= 2 773
75005
O reg.p
dr _ 5 750075
0 OT;‘ZTE753 0.021

Exercise 18B

1. The radius of a circular disc is increasing ata 4. The area of the region between two concentric

constant rate of 0.003 cm/s. Find the rate at
which the area is increasing when the radius is 20
cm.

2. A spherical balloon is inflated by gas being
pumped at a constant rate of 200%sn What is
the rate of increase of the surface area of the
balloon when its radius is 100 cm?

3. The volume of water in a container is given by

xe? cm® wherex is the depth of the water in the

container. Find the rate of increase of volume
when the depth is 0.2 cm and increasing at a rate
of 0.1 cm st. Also determine when the rate of
increase of volume is stationary.

(AEB)
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circles of radiix andy (x>y) is denoted byA.
Given thatx is increasing at the rate of 3 Ms
y is increasing at the rate of 4 Misand when
t=0,x=5m andy=2 m, find

(a) the rate of increase éfwhent=0;
(b) the ratio ofx to y whenA begins to decrease;

(c) the time at whickA is zero.
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18.3 Integration by substitution

This method is the equivalent to using a change of variable
when differentiating composite functions.

Activity 5

Differentiate
@ (2¢-2) (o) (x2+2)

© (4¢-7 @ (4¢-7)

and use the above results to find
(a) J'x( X2 - 3)5dx (b) J'x( X2 + Z)de
(c) J'(3x - 1)5dx (d) J’xz(x3 —1)dx

(Check your results by differentiation.)

In general, if
y:J’f(x)dx

then dy_ f(x).
dx

If we let x=g(u) for some functiorg of a new variablel, then
y becomes a function afand

dy _dy dx
du dx du

SRt

0 y= If —du
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Chapter 18 Even More Calculus

Example

1
2

Finde(3x—1) dx using a suitable substitution.

Solution

If u=3x-1 then% =3 andx:uTﬂ. Hence the integral

becomes

[x(ex-1) Hay = (GG

Example

Find J;lx(?,x2 + 2)3dx

Solution
You can rewrite this integral using the substitution

u=(3x2+2) O g)l: 6x

The limits onu for the integration are determined from
x=0 0O u=2
x=1 0O u=5
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Chapter 18 Even More Calculus

Hence J;lx(3x2 + 2)3dx:J'25x(3x2 + Z)SS)Jdu

:J':x(3x2 + 2)3 671x du

_.[2615 u*du

_01 u4|j;
" Ba B

= a5 2]

1
=—(625-16
24( )

_ 609
24

Exercise 18C

1. Find the following integrals, using the suggeste®. Using the substitutiox = 4sin? 8 or otherwise,
substitution. show that

(a) J'x(xz —3)4dx (u: x3—3) ij‘“x(4—x) dx=r1

L, 2 3. Using the substitutiox =3tané , evaluate
(b) J’X\s“l—X dx (u 1-x )

(c) J’cosxsin“x dx (u=sinx)
(AEB)
(d) J’eX V1+e* dx (u:1+ex)
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Chapter 18 Even More Calculus

18.4 Integration by parts

Our second method of integration is a very important one which
is particularly useful for a number of different integrals. You
can see how it works by first differentiating with respect,to

XSinx + cosx
Now use your answer to find the integralxodos.
What form will the integral of X sinX take?

Check your answers by differentiating.

Activity 6

By assuming
J’x g'dx = (ax+b)e* +c

find the values of the constardsandb so that the result is valid.

(Hint: differentiate the R.H.S.)

By now you should be wondering if there is a more precise
method of evaluating integrals of the type above, where the
method requires inspired guesswork to start with. In fact, there
is a more formal method.

If uandv are two functions oX then from your work on
differentiation you know that

du dv
dx dx

—(uv)=v
)
and integrating each side with respeckives

uv= J'v—dx+J'u—dx

0 J'u%dx:uv—J'v%dx
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Chapter 18 Even More Calculus
Example

Findecosx dx

Solution

dv . L
Here u=x andd—:cosx, sov=sinx. This gives
X

J'xcosx dx = xsinx —J'sinx.ldx

= XSinXx+ cosx +c

We can use the same method to find the integral in Activity 6.

Example
FindJ’x edx

Solution

Hereu = x, % =¢*, givingv=¢e* and
X

Ix gdx = x & —J'ex.ldx
=xe-e‘+c

=e*(x-1)+c

Activity 7

(a) Given tha’E[xcosx dx= xsinx +cosx + ¢ show that
J'x2 sinx dx= x? cosx + 2xsinX + 2 cosx + k
(b) Given thatjx gdx=x¢e -e*+c find

(i) J'x Ze¥dx  (ii) Ix 2o *dx
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Chapter 18 Even More Calculus

One of the difficulties with integration by parts is that of

identifyingu and%. For example, if
I :J'xln X dx

then takingu =X, ? =Inx will not really work as you might
X

not be able to solve for v. But taking

u= 1nx@ X
dx

givesv=1}3x?, and
1= 1x21nx- [(3x2)1d
=1x“Inx I(fx ); X
=%x21nx—I%xdx

=1x*Inx-1x*+c

It is also important to note that some functions which cannot be
immediately integrated can be dealt with by writing the
integrand as % (function) since 1 can be integrated. This is
illustrated below.

Example
Find Iln x dx

Solution

If lnxdx:J'1><1nxdx
_ dv _ . _
So takeu=1nx, dx =1to givev=x and
X
l=xIlnx-— xldx
.r'x

= x1lnx —J'ldx

=xIlnx—-X+cC
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Chapter 18 Even More Calculus

Finally in this section it should be noted that we can have limits
on integration in the usual way, for example

2 _ 3 (2a
onsmx dx = [-xcosx]|, Iol( cosx) dx

L

(0-0) +J;Eosx dx

m
[sinx] 2

Exercise 18D

1. FindJ'lenxdx. 4. FindJ'xsln(4x)dx (AEB)

2. By writing co$ 6 as cog 6cosd find 5. Use integration by parts twice to find

J'co§9d6 J'chOSQX dx

and hence show that

ﬁ:oéede=o.
0

3. Evaluatefsin3x dx.
0

18.5 First order differential
equations

You might well wonder why you have studied integration in
such depth. The main reason is the crucial role it plays in
solving what are known adifferential equations. Here you
will only be dealing with first order differential equations,
which can be expressed, in general, in the form

dy _
dx f(xy)

wheny = y(x)is an unknown function of, andf is a given
function ofx andy.
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Chapter 18 Even More Calculus

Examples of such equations include

dy _

dx_xy

dy

7 = +

dx xTy

dy _ x

2 == 0
oy (y#0)

but first you will see how they are formed.

As an example of the process, consider the problem of modelling
the way in which human populations change.

An English economisfThomas Malthusin his 1802 article "An
Essay on the Principle of Population" formulated the first model
which attempted to describe and predict the way in which the
magnitude of the human population was changing. In
mathematical terms you can summarise his assumptions by

introducing the variablN = N(t) to represent the total population,

wheret is time. In a small time interval, sat, Malthus argued
that both births and deaths are proportional to the population size

and the time interval. Hence in tindé, there will be(a N&t)

births and([3 N5t) deaths where, B are positive constants, and
so the increase in the population size is given by

SN = a NSt - BNSt = (a - B)Ndt
Writing a - = y,and dividing byédt gives

N

= yN
st Y

Taking the limit asdt — 0 results in the differential equation

dN

N
o Y

Added to this is an initial condition; for exampld,= N, att=0.

This is an example of a 'variable separable' differential equation,
since it can be written in the form

1dN_
N dt
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Chapter 18 Even More Calculus

and integration with respect tp

1 dN
——dt dt
Ina ®=]Y
1
—dN = ydt
JneN=]Y
O INnN = yt+c (cconstant)
O N=e"
— eytec
0 N=Ke" (K=¢)
But N=N, at t=0,
giving N, = Ke’ =K.
Hence the complete solution is N
N = Ny
This solution is illustrated opposite for positiye y<O0
What does the solution look like when N
0
(a) y=0 (b) yis negative? 0 :
Activity &
By differentiation check thal = N,e"* satisfies the differential
equation
dN
2T =vN
T
You can see how to use this population model by applying itto  Year USA Population
the 1790 and 1800 USA population figures shown opposite. (in millions)
_ 1790 3.9
The timet =0 corresponds to 1790, ané 1 to 1800 etc; so
1800 5.3

Ny =3.9
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Chapter 18 Even More Calculus
The model solution is
N(t) =3.%"

andy is determined by the population valuetatl (1800). This
gives

5.3=3.%Y
|:| ey = i3
3.9
[5.30
O In =0.03067
V=Ngo0
and N(t) = 3.9e(0-03067t

What does this model predict for the population if t becomes
large? |s this realistic?

Year USA Population
Activity 9 (in millions)
, . 1810 7.2
Use the model above to predict the USA population for 1810 1820 06
(t=2) to 1930(t =14). Compare your prediction with the real '
. k 1830 12.9
values given opposite.
1840 17.1
Can you explain any discrepancies in the prediction and real 1850 23.2
2
values’ 1860 31.4
1870 38.6
1880 50.2
The mo?lel givss a reason?bly good fit fo; quite somiltime, but 1g90 62.9
eventua redicts a population growing far too quickly.
yp pop g 9 q y 1900 76.0
Why does the model eventually go wrong? 1910 92.0
Let us go back to the original assumption and consider what 1920 106.5
123.2

factors have been neglected. The model as it stands predicts thel930
growth of a population in an ideal situation where there are no

limits (e.g. food, land, energy) to continued growth. In 1837,
Verhulst proposed an extension to the Malthusian model which

took into account the ‘crowding’ factor. In his model, he

assumed that the population change was proportional to

(i) the current population levéN

(i) the ratio of unused population resources to total population
resources when it is assumed that a maximum population
size of N, can be sustained,

(N = N)
N

i.e.

00
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Chapter 18 Even More Calculus

Thus
N_—-N
dﬂ:yN( ® )
dt N,
2
i.e. d—N:yN—yI\I
dt N,

WhenN is small, yN will be the dominant term on the right

hand side, and so we are back with the Malthusian model; but as
N2

N becomes large, theKll term becomes important.

00

This is again a first order differential equation, but much more
difficult to solve.

*Activity 10

Show, by differentiating the expression below, that the Verhulst
model has a solution given by

N
%+5\£—1Ee_yt%

B Bb B B
where N=N, at t=0.

Use your graphic calculator, or computer program to illustrate
the shape of this function. For example, take0.03 and

(@ Ny=3N,
(b) Ny =%N,
(© Np=2N,

What happens a$ —» ©?

Returning to simple first order differential equations, you will
see how to solve them in the following two examples.

Example

dy

For x=0, solved— =X given thaty =1 whenx =0.
Xy
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Chapter 18 Even More Calculus

Solution
You can write this as

&y,

ydx

and integrating both sides with respeckio
dy
—=dx=[xd
JY gy =[x
0 J’ydy=dex

O 1y?*=1x*+K (K constant)

Sincey =1 whenx =0,

$=0+K
O K=}
and v =x%+1
0 y=1+x?
Example
Solve gz y given thaty =1 whenx=1.
Solution
As before
ldy_1
ydx X

1dy 1
0 Iydxd I;dx

1. .1
0 I;dy—f;dx

O Iny=Inx+C (C constant)
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Writing C=1nK ,
Iny=Inx+InK
O  Iny=In(Kx)
0 y = Kx
Sincey=1whenx=1,
1=K.1
giving K=1
and the solution

y=X.

Exercise 18E

Solve the following first order differential equations 6.

1. 3y%=5x2 given thaty =1 whenx =0

2. x%:Sy given thaty=2 whenx =1 8.

3. %:yz given thaty=1 whenx =1
X

ldy_ 1 given thaty=0 whenx =0
x dx (x2+1)

o0y X
dx vy

Chapter 18 Even More Calculus

y+1
X+2

dy_
dx

dy_1
L =4
dx vy y

X

During the initial stages of the growth of yeast
cells in a culture, the rate of increase in the
number of cells is proportional to the number of
cells present.

If n=n(t) represents the number of cells at time
t, show that

dn

dt
for some constark. If the cells double in unit

time, determine&, and solve fon in terms oft
and the initial number of cells,.

=kn

18.6 Miscellaneous Exercises

1. Differentiate (a) sin8 (b) sex tanx (c) tarfx. 3.

2. Find

(a) J’cos“x sinx dx
(b) J’sin?’ x dx

(c) J’tanz x seé x dx

routube.com/

The radiug of a circular ink spott seconds after
it first appears, is given by
_1+4t
2+t

Calculate

(a) the time taken for the radius to double its
initial value;

(b) the rate of increase of the radius in cth s
whent=3;

(c) the value to which tends ag tends to
infinity. (AEB)
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Chapter 18 Even More Calculus

4. The volume of liquid V crin a container when 7. (a) Use integration by parts to find
the depth isx cm is given by .
J’xfln xdx

(x+2)% ' x>0 (b) Find the solution of the differential equation
dy 1
—= =(xy)?Inx

(a) Find% and determine the value affor dx ( y)

for which y=1 whenx=1. (AEB)
dv
which ol =0.
X

8. Find the general solution of the following first

order differential equations
(b) Calculate the rate of change of volume when

the depth is 1 cm and increasing at a rate of (a) (x—3)ﬂ:y
0.01 cm s, giving your answer in cfrs™ to dx
three significant figures. (AEB)
\ (b) xy Y =Inx
5. (a) Differentiate(1+ xe’)2 with respect to. dx

(b) Use the result from (a), or an appropriate (c) ax _ yx
substitution, to find the value of dy x-

2 X d
b o)™

6. Find the following integrals using the suggested
substitution

(a) Icossxsinxdx (u=cosx)

(b) J-\/li(xz dx (u=1-x?)

(c) I(lfex)zdx (u =1+ ex)
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