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Exercise 8.2 (Solutions) rage 273
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Available online @ www.megalecture.com, Version: 3.0

Binomial Theorem
If a and x are two real number and 7 is a positive integer then

n __ n n n n—1_1 n n-2_2 n n—1 n n
(a+Xx) —(Oja +(1ja X +[2)a X +...+(n_1jax +(njx

Proof
We will use mathematical induction to prove this so let S(n) be the given

statement.
Put n=1

S():(a+x) =((1)jal +Gjal_1xl —Ma+MD)(D) x = a+x=a+x

S(1) is true so condition I is satisfied.
Now suppose that S(n) is true for n=k.

Sk): (a+ x)" =(l(§)ak +(]1€jak_1xl +(§ja"_2x2 +...+(k]il)nxk_l +U§jx" ()]

The statement for n=%k +1

Sk+1D: (a+x)" = (ka_ljak“+(kil_1)ak“_1xl+f kgljak+l_2x2+...
\

k+1 k+1-1 k+1 k+1
+(k+1—1jax +(k+1)x
()
= (a+x)"'= (ka_ljak” N ]‘1' ljakxl+(k;1)ak_1x2+...

k+1 k k+1 K+l
+( ! )ax +(k+i}x

Multiplying both sices of equation (i) by (a+ x)

(a+x)(a+x) = ((gJa" + (lf)a"‘lxl + (g)a"‘zxz +ot (kliljax"‘l + (@x"](a +x)
= (a+x)"' = ((gjak +Gja"‘1xl +(§jak_2x2 +...+(k]il)ax"‘l +U§jxkj(a)
+(§j a* + (llc)a"‘lxl + (g)a"‘zxz +ot (klil)ax"‘l + (@ xk)(x)
Ié)ak” +(11<)akxl +(§ja"‘1x2 +...+(k]ilja2x"‘l +U§)ax"
+(§)a"x+(®a"‘1x2 +(§ja"‘2x3 +...+(klil)ax" + (]]i)x"“
= (a+x)*' = (g)a"“ + (G‘) + (gjja"xl + ((g) + Gj)a"‘lf +...
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(G (1)
sice (§)=("5 ")+ (7 20=() e (0)=(00)

= (a+x)" =(k81jak” +(k;1)akxl +(k;1jak_1x2 +... +(k;1)axk +(iii)xk+l

Thus S(k+1) is true when S(k) is true so condition II is satisfied and S(n) is true for
all

positive integral value of n.

Question # 1
Using binomial theorem, expand the following:

7 6 4
(i) (a+2b)’ (ii) (’2‘ - xzj (iii) (3a - 3’;)
7 8 6
(iv) (2a—xj ) (’“—”J vi) Ng _ \/;j
a 2y x X a
Solution
(1)
(a+2b) = (g)aS 4 (f) a7 (2b)' + (;)aH(zb)z 4 (g)a5_3(2b)3 4 (i)a5_4(2b)4 4 (g)aS-S(zb)S
= (Dd’® +(5)a* (2b) + (10)a* (4b*) + (10)>(8b*) + (5) d' (16b*) + (1) a*(325°)
=a’ +10a’b+40a’b* +80a’b’ +80ab”* + 320 ca'=1

o 53T TGO )

L O )0
of o322 -of) 2

oof3)()-) () ()
(- dslebliole) =5 e
o -G

x* 3x 15 20 60 96 64
- + -
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(ii1) Do yourse If
(iv) Do yourse If
(V) Do yourse If

a
X a
3 2 2 3
a a a X X X
{64 ol 4
X X X a a a
3 2 2 3

a a a X X X
:73—6724-15*—204-15*—6724-73
X X X a a

Question # 2
Calculate the following by means of binomial theorem:
(i) (0.97)° (i) (2.02)* (iii) (9.98) (iv) (2.1)

Solution (i) (0.97)° =(1-0.03)°
3 3 (3 2 3 1 ’ 3
= (Oj I’ + (1)(1) (-0.03) + (2) (D) (-0.03)" + +(3j (—0.03)’
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=1 @) +31)(-0.03) +3(1)(0.0009) ++(1) (—0.000024)
=1-0.09+0.0027 —0.000027 =0.912673

(i) (2.02)*=(2+0.02)* Now do yourself.
(iii)  (9.98)* =(10-0.02)*
4 4 4 3 4 2 2 4 1 3
= (OJ(IO) + (lj(IO) (=0.02) + (J(IO) (—0.02)" + (3j(10) (—0.02)
+(jj (10)°(-0.02)*
= (1)(10000) + 4 (1000) (—0.02) + 6(100)(0.0004) + 4(10)(—0.000008)

+(1)(1)(0.00000016)
=10000 — 80 + 0.24 — 0.00032 + 0.00000016 = 9920.23968

@iv) (2.1’ =(2+0.1 Now do yourself.
Question # 3
Expand and simplify the following:
4 4 5 5
(1) (a+\/§x) +(a—\/§x) (i1) (2+\/§) +(2—\/§)

(i) (2+i) —(2-i) (iv) (x+\/ﬁ)3 +(x—\/ﬁ)3

Solution (1) (a + ﬁx)4 + (a - ﬁx)4
We take

(a+2x)’
(5ot} ) (Vo) 3 Jor (Vo) o § o (W) J ()
=(1)a* +(4)a’ (V2x) +(6)a’ (20 )+ (4)a(2v2x" ) + (1) (1) (4x*)
= (a + \/Ex)4 =a* +4\2a°x +12a°* + 82 ax’ +4xt ... (1)
Replacing J2 by —V2 in eq. (i)
(a — ﬁx)4 =a'+ 4(—\/§)a3x+ 12a°x* + 8(—x/§)ax3 +4x*
=a* —42ax +12a° % =82 ax +4x* . (ii)
Adding (i) & (ii)
(a + \/5)6)4 + (a —ﬁxf = 2a* +24a’x" +8x*
(i1) Do yourself.
(i11)  Since
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2+i) = (gj 2° + G j25‘1i + Gj 2572 4+ @jz“ P+ (Zj 274 4 sz“ P

=(1)2°+(5)2%+(10)2%* +(10)2% +(5)2"i* +(1)2°7
=32+80i +80i* +40° +10i* +7° ........... (i)
Replacing i by —i in eq. (1)
(2+1)° =32+80(—i) +80(—=i)" +40(=i)’ +10(=i)" +(=i)’
=32—-80i+80i° — 40 +10i* —i° ....... (ii)
Subtracting (i) & (ii)
(240 —(2-i) =160i+80i° +27°
=160i +80(=1)-i +2(=1)* i
=160i —80i+2i = 82i

@iv) (x+\/ﬁ)3 +(x+\/ﬁ)3
Suppose t = m then
(x+\/ﬁ)3 +(x+\/ﬁ)3 =(x+1) +(x+1)’

= (0 +3(x)° () +3(0) (1) + () ) + ()’ + 3D 3(x) (=) + (=1)°)
=X +3xX°t+3x2 + +x° =3+ 3x° -1
=2x + 6xt*

=2x3+6x(\/xz—1\2 r=Axt =1

]
:2x3+6x(x2—-1) =2x +6x°—6x =8x’—6x

Question # 4
Expand the following imascending powers of x:

() 2+ x—x°)° (i) 1—x+x*)* (iii) (1-x—x*)*
Solution (i) Q2+ x-x>)*

Put r =2+ x then
(2+x—xz)4 =(t—)€2)4

= (gj(t)“ + Gj () (—x%) + @j(f ) (=) + (;‘jg)l(—ff * (jj(t)O(_XZ)4

=(1)(" = (4)@O*(x*)+(6)()*(x") = (4) () (x*) + (1) (D (x*)
=t =4+ 6 xt =4 X+ Xt (1)
Now

=@+ = @(2)4 . @(2)3@) - (;‘j@)z(x)z - (;‘j(zf(xf - (jj(zf(x)“
=(1)(16)+(4)B)(x) +(6)(4) (x*)+ (4)(2) (X)) + (1)(D) (x*)

=16+32x+24x* +8x> + x*
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Also
£P=2+x)’=2)+(3)2)*(x)+(3)(2)'(x)* + (x)’
=84+12x4+6x" +x°
£ =Q+x)°=4+4x+x°
Putting values of t.6,1% and tin equation (1)
Q4+ x—x)" =(164+32x+24x" +8x° + x*) =48+ 12x + 6x% + x°)x*

+6(4+4x+ x)xt =42+ x)x° + x°

=164+32x+24x" +8x> + x* = 32x* —48x* = 24x* —4x°

+24x +24x° +6x° —8x° + 4x” + x®

=164+32—-8x"—40x + x* +20x° =2x° —4x" = 1®

(i1) Suppose t=1—x Do yourself
(iii) Suppose t=1—x Do yourself
Question # 5
Expand the following in descending powers of x:
3
@) (& +x-1)’ (i) (x—l—lj
X
Solution (i) Suppose t=x—1 Do yourself

(ii) (x— 1 —1)
X

Suppose t=x—1 then

3 2 3
(r—lj =(t)3+3(t)2(—1j+3(t)(—1j +(—1j
X X X X
=t3—3t2-1+3t-——— ............ (i)

Now
£=(x- 1)3 = (%)’ +3(x)° (=) +3(x) (=1)* + (=1)’
=x" =3x"+3x-1
P =(x-1)"=x>-2x+1
Putting values of #*,#* and ¢ in equation (i)

3
(x—l—lj =(x3—3x2+3)c—1)—3()c2—2x+1)-1+3(x—1)-i2—ig
X X XX

=x3—3x2+3x—1—3x+6—3l+31—3i2—i3
X x X x

=x"—3x’ +5—)632—):3
Question # 6
Find the term involving:
WWW.MEGALECTURE.COM
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(i) x* in the expansion of (3 - 2x)7 (ii) x> in the expansion of
2 13
x —_——
(=5
2 9
(iii) a* in the expansion of ( — aj (iv) ¥ in the expansion of
X
11
(x=¥)
Solution (1) Since

Here a=3, x=-2x, n=7 so

7 -r r 7 -r r r

7= @(3)7 (-2x) = m@f (-2 (x)

For term involving x* we must have

X =x" = r=4
So

7 _
T, = (4) (3)7 4(_2)4 (x)4

= T,=(35)3)’(-2)* (0)* =(35) 27 (16) (»*
=15120x"

(ii) Since T, = (;lj a"x"

2
Here a=x, x=——, 013 so

T,r+1 _ (13} ( Y)P'_/ (_;j — (1:)) (x)13—r (_2)i’ (x)—Zr

r.

%\
— kl §J (x)l3—r—2r (_z)r — (13j (x)l3—3r (_2)r
r r
For term involving x> we must have
X =x7 = 13-3r=-2 = -3r=-2-13

= —3r=-15 = r=5
So

T, = ( 53j(x)13—3(5> (-2)
= T,=(1287)(x)""(-32)=-41184x""

(ii1) Since

_ n n—r _.r
Tr+1_(r]a X

WWW.MEGALECTURE.COM
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2
Here a=—, x=—a, n=9 so
X

9 2 9—r . 9 2 9—r . .
() LI e

For term involving a* we must have
a=a" = r=4

9-4
So T4+1=(9j(2j -D* ()"
4 )\ x

5 4
= (126)(2j ()a* = (126)(32)61 = 4032—
X

.X'

(IV) Here a=x, x=-— y, n=11 so
Since
Tr+1: ”jan—rx,
r
T, = lrlj(x)n—r(_\/;)r :(lrl)(x)n—r (_y%)r
11 11-r
= ,,j( ) (v

For term involving y’ we must have

y%:y3 = ;=3 = r=6

S Ty =[ g J0" v ()
= T,=(462)(x) ()(y’) =462x"y’

Question # 7
Find the coefficient of;

10 2n
(i) x* in the expansion of (xz — 23) (ii) x" in the expansion of (xz — 1)
X x
Solution (i) Here a=x", x=—23, n=10 so
X
Since
(o)

_ 10 ) T (10Y), yaon, . (B
fra = rj ( J_(rj(x) oy

(V) cyorerwr = crerer
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(Ve crerer

For term involving x° we must have
= = 20-3r=5 = -3r=5-20
= —-3r=-15 = r=5

So Ty, = (150 j<> RO

20-15 5 5i _ 5 i
= T,=252(x)" (-1)’) 3 = 252(x) (243)

61236 15309
= — X =— X
32 8
Hence coefficient of x° = — 15209

.. 1
(i1) Here a=x*, x=——, n=2n so

X
Since
7’;+1 — (:‘ljan—rxr
(2n)[ a\2nr _l r_ ZnW \220) ri
=)y (L) (s ey
_ 2n 4n=2r R U n 4n=2r-r 1Y
@

For term involving x" sz¢'must have
"N = 4n-3r=n = -3r=n-4n
= —@i=-3n = r=n
(;:«1'3 4n-3n n
S0 T =[5 (0" (1)
x) (=) =——"(x) (=1)

" 2n-n)!-n!

n!-n!
n !
=(-1) (2n)2 X"
(n!)
n !
Hence coefficient of x" =(-1) 227))2
n!

FSc-1/Ex82-9

Question # 8

10
Find 6th term in the expansion of (xz — 23)
X
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Solution Here a=x7, xz—i, n=10 and r+1=6 = r=5 so

2x
Since

5
= 7*6:252()8)5(—(23 )5J =252x10(—322435j
X X

61236 105 __ 15309

32 8

Question # 9
Find the term independent of x in the following expansions..

. 2\’ . 1)° . 1Y
(i) (x—xj (ii) (\/— —szj (iif) (1+x7) (sz)

Solution (1) Do yourself as Q # 9 (ii)
(i1) Here a=\/;, x=12, n=10 so
2x
Since
7’;+1 — njan—rxr
,

N - ER
(B (o)

For term independent of x we must hav

xs_%r—x = 5—2=O = _52;’:_5
= r=(—5)(—§j = r=2
10 5232 ]
so Ty =[ Y ) s
= T,=45(x )551 _4s 0L
4 4
45
s, =)
WWW.MEGALECTURE.COM
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1Y 241!
(iii) (1+x2)3(1+2j =(1+x2)3(x . }
X X

2 4 2\*
o)
X X

=x"(1+x)™ =x"1+x%)
Now T.,=x" (nJa"_’x’

Where n=7, a=1, x=x"

For term independent of x we must have

X P=x" = 2r-8=0 = 2r=8 = r=4

(7)o

= T,=35x"" =35x" =35

So

Question # 10
Determine the middle term in the following‘eapensions:

1 x2 12 1 ]11 1 2m+l
n|——— 1 X = m) | 2x——
()(x 2} ()( %] ( )( 2xj

X 2 12
Solution (i) Ll —x]
x 2
) ) ) .on+2 1242
Since n=12 is an even so middle terms is " 5 = 5 =7

Therefore r+1=7= r=7-1=6
2

e |
(20 ()

WWW.MEGALECTURE.COM
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(i1)

(iii)

. con

FSc-1/Ex8.2- 12

= T, = 924ii _ 924 s
x° 64 64

_21
16

Thus the middle terms of the given expansion is 21361x6 .

n+1 11+1

Since n=11 1s odd so the middle terms are T T =6 and
n+3 11+3
2 2
So for first middle term
a=§x, x=—i, n=11land r+1=6 = r=5
2 3x
Now
11-5 5
n n—r r 11 E _i
T —@“ © 2 b (5)(2xj E 3xJ
Now simplify yourself.
Now for second middle term
r+l=7 = r=6
3 Y°r 1Y
SO 1., = ( 6 j(z xj (_3xj Now simplify yourself.

Since n=2m+1 1s odd so there are two middle terms
n+l 2m+1+1 2m+?2

First middle term = 5 = 5 = =m+1
Second middle terms = n+3=2m+1+3=2m+4=m+2
2 2 2
Here a=2x, x=—i and n=2m+1
2x
For first middle term r+1=m+1= r=m.
Since

=T

_ @m+DI (2)" ()™ (<1)" (lJm (lJm

(m+1)!-m! 2 X

_ Cm+1)! m+l , \mt M aN=T -
_(m+1)!-m!(2) (x) (=1)"(2) (%)

WWW.MEGALECTURE.COM
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_ (2m+1)‘ m+l-m m+l-m 1Y = (2m+1)‘ 1 1 1\
= L D! ey = 21D oy
_ @m+1)! "
= st XY

For second middle term
r+l=m+2 = r=m+2-1 = r=m+l1

As T, = (Zja”"x’

m+1
_(2m+1 (2m+1)—(m+1) 1
= Tm+1+1_( m+1j(2x) ( 2)6}

Now simplify yourself
Question # 11
3n
Find (2n+1)rh term of the end in the expansion of (x — le
X
Solution Here a=x, x= _i,
2x

Number of term from the end = 2n + 1

Scx=x and r+1=2n+1
2x

To make it from beginning we take a =-—

= r=2n

As T., (’:j a'x"

= L, = ( j( w ) (n)! [ lj x*"
2n )\ 24 (3n 2n)!-2n)!\ 2x

' n ! n
_ (3n)! (_1) 1 o = (3n) (_1) ixzn—n
(n)! (2! 2" x" n!-(2n)! 2"
_ay 1
- Q{6 x"  Answer
2" n!-(2n)!

Note: If there are p term in some expansion and gth term is from the end then the term
from the beginning willbe = p—¢g+1.
So in above you can use term from the end = 3n+1)-(2n+1)+1 = n+1

Question # 12

.. 1.35..(2n-1
Show that the middle term of (1+x)™" is (' n=1) 2"x"
n!
) ) ) ) ) +2
Solution Since 2n is even so the middle term is =n+1 and

=x, n=2n, r+l=n+1 = r=n
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— ,1—;’+1 _( nj(l) 2n—n xn

L) I el
(2n—n)!-n! n!-n!
:2n(2n—1)(2n—2)(2n—3)(2n—4)-...-5-4-3-2-1
n!-n!

_[2n(2n—2)(2n—4)-...-4-2][(2n—1)(2n—3)-...-5-3-1]
B n!-n!
_2”[n(n—l)(n—2)-...-2-1][(2n—1)(2n—3)-...-5-3-1] .
- n!-n! *
_2"n! [(2n—1)(2n—3)-...-5-3-1] .
- n!-n! ¥
_2" [1-3-5-...-(2n—l)] .
- n! *

:1-3-5-...-(2n—1) 7
n!

n

n

Question # 13
Show that:

(B

Solution Consider

(1+x)”=(n)+(n)x+(n)x2+(njx3+(n)x4+(n)x5+...+( " jx”“+(n)x”
0 1 2 3 4 5 n—1 n
Put x=1
(1+1)" —( j{ )(1)+( )(1) +(’31j(1)3+(2)(1)4+ Z)(lf+...+(n’i1)(1)"*+(2)(1)"
2= |+ tot] T[T
= 0) 1 -1\
| [ n n n n
= 2" = 0+2+4+...+n 1
Now put x =—1 in equation (1)
a7 ny, ny), i\ n). 3 ), 4 ). s
1-1 _(OJJ{I)( 1)+(2j( 1) +(3j( 1) +(4)( 1) +(5)( 1) +..
+( " )(—1)"-4(”)(—1)"
n—1 n
If we consider 7 is even then
:(O)n_n_n+n_n+n_n+ o[
10 1 2 3 4 5) 7 \n-1 n
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= 0|5 (e () () )]
= () )]

Using it in equation (ii)

(o))

Question # 14

Show that:

A A0
0) 2(1) 3\2) 43 n+1\n n'nl
Solution

_(n) 1(n n\
eais = (5)5 (3435 430 il)
(n 1 n! 34 n! 1 n! 1 (nj
= +— 5 +- Fot——
{0 2\ (n=D!-1! 3L(n—2)!-2! 4\ (n=3)13! n+1\n
n+1{ 1( ) ] 1( n! ] 1( n! j 1 }
= I+ | e |+ +— +ot—-1
n+1 =D 3l (=221 ) 4l (n=3)1-3! n+1
_ 1 {(’H) ((n+1)n'j+1 (n+1)n!J+1( (n+1)n!j+m+n+1.1}
n+l1 =011 3l (n=2)121) 4\ (n=3)!3! n+l1
_1{(“) (n+1)! j{ (n+1)! ]J{ (n+1)! ]+...+1
1 (n—l)!-2-1! (n—=2)1-3-2!) | (n=3)!-4-3! |
1{“1){ (n+1)! }( (n+1)! j{ (n+1)! J+...+1
(m+1-3)131) | (n+1-4)1-4! |

+1 (n+1-2)!-2!
n+1
n+1

(LN

ot (5 (73 e (2]
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FSc-1/Ex82-16
1 14 n+l1 N n+1 N n+l N n+1 N n+l b4 n+l
o+l 0 1 2 3 4 ln+l
1

=n+1[—1+2"“]

B 2n+1_1
n+1

=R.H.S

Remember
n+1 n+1 n+1
( 0 j—l , ( 1 j—n+1 and (n+1j_1

If you found any error, please report us at www.megalecture@gmail.com

MEGA LECTURE

WWW.MEGALECTURE.COM

WWW. Vout ube. cont negal ect ure Page160i16





