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Exercise 8.1 (Solutions)
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Megalect“re Textbook of Algebra and Trigonometry for Class XI
Available online @ www.megalecture.com, Version: 3.0

Principle of Mathematical Induction

A given statement S(n) is true for each positive integer n if two below conditions hold

Condition I: S(1) is true i.e. S(n) is true for n =1 and
Condition II: S(k +1) is true whenever S(k) is true for any positive integer &,
Then S(n) is true for all positive integers.

Use mathematical induction to prove the following formulae for every positive integer

n
Question # 1
1+5+9+..+(4n-3)=n(2n-1)
Solution  Suppose S(n): 1+5+9+.............. +@4n-3)=n2n-1j
Putn=1
SM: 1=1(2(H-1) = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=+k

Sk): 14549+, +(4k=3)=kQk =D N, ()
The statement for n =k +1 becomes
Stk+1): 1+54+9+.............. +@k+1)-A)>=(k+1)R2Kk+1-1)
= 14+5+9+............. +@dk+1y2Z((K+1D)R2k+2-1)
=(k+1)(2k+1)
=2k*+2k+k+1
=2k*+3k+1
Adding 4k +1 on both sides/®f equation (1)
I+54+9+.......%.. +(4k-3)+(@dk+1)=kQRk-1)+4k+1
= 14549400 +(4k+1)=2k>—k+4k+1
=2k +3k+1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 2
1+3+5+...+(2n-1)=n’

Solution Suppose
S(): 14345+ . +(2n-1)=n’
Putn=1
SM:1=(1)" = 1=1
Thus condition I is satisfied

Now suppose that S(n) is true for n=k

Sk): 1+3+5+............. +QRk=D=k* ..o (1)
The statement for n =k +1 becomes
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Stk+1D: 143+5+ ... +QKk+D-D=(k+1)’
= 143454 . +Qk+D)=(k+1)?
Adding 2k +1 on both sides of equation (1)
143454 . +QRk-D+QRk+D)=k*>+2k+1
= 143454 .. +Qk+1D)=(k+1)?

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer n.

Question # 3
1+4+7+...+(3n—2)=n(3n_1)
Solution Suppose
S(n): 1+4+7+ e, +(3n—2)=2_
Putn=1

S(): 1=

M = 1=
2

SR !

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): 1+4+T+ .. +(3k—2)=k(3/;_1) )

.............

The statement for n =k +1 becomes
(k+D@Bk+D =1

2
(k+1)(3k+3-1)

2
_ (k+1)(Bk+2)

2

Stk+1): 1+4+T7+.uunnnn.... +Bk+1)-2)=

= 1+4+T+.......... +Bk+1)=

Adding 3k +1 on both sides of equation (i)

1+4+T7+. . +Bk-2)+@Bk+1)=

k(3];_1)+3k+1

k(Bk-1)+23k+1)
2
3K —k+6k+2
2
3k>+5k+2

2
_3kP+3k+2k+2
2
Bk(k+1)+2(k+1)
2

= 1+4+7 4. +Gk+1)=
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_(k+1)(3k+2)

2
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer n.

Question # 4

1+24+4+...+2"=2"~1
Solution  Suppose

S(): 14244+ . +2 =2" 1
Putn=1
SH:1=2"-1 = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): 1+2+4+.............. w2 =k (1)
The statement for n =k +1 becomes

Sk+D: 142444 ... 42 =k
= 14244+, +28 =241

adding 2" on both sides of equation (i)
14244+, +25 4 2F =2F 128

= 142444 +25 =22 -1 o 2R 42k =202h
:2k+1_]

Thus S(k+1) is true if S(k) is true, 6o condition II is satisfied and S(n) is true
for all positive integer n.

Question # 5

PSS llzz(i—li

2 4 2" N\ 2"
Solution Suppost
1 1 1

S(n): 14+ -+ 3. + =2|1-—

( ) 2n71 ( 2nj
Putn=1

SA): 1=2(1—llj = 1=2(1J = 1=1
2 2

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

1 1 1 1
Stk): 1+—+—+. =2 = | 1
(k) 2 4 2kt ( 2") @
The statement for n =k +1 becomes
S(k+1): 1+;+i+ .............. +2k}11 :2(1—2:+1j
= 1+ _+ . ;—2—23+1
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A 2
2.2
|
:2_?
Adding —- on both sides of equation (i)
| 1 1 1
1+5+*+ .............. +2k1+2k+11:2(1_2kj+2k
= I+ 44 kll_l —%+ik
2 22
|
:2—?(2—1)
| 1
:2—?(1) :2—?

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 6 Do yourself as Question # 1

Question # 7

2+6+18+...+2%x3""'=3"~1
Solution  Suppose

S(n): 24+6+18+ ... +2x3"7"=3"-1
Putn=1

SM:2=3"-1 = 2=2
Thus condition I 1s satisfied
Now suppose that S(n) is true for n=k

Sk): 246+18+ o +2x3 =31 (i)
The statement for n=k +1 becomes
Stk+1): 24+6+18+.............. +2x 3T =3k
Adding 2x3* on both sides of equation (i)
246418+ +2x3 " 4 2x3 =3 —14+2x3"
= 24+6+18+.............. +2x 3 =334 —1 e LI, IV L.
:3k+1_1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

=3(39)

Question # 8
n(n+1)(4n+5)

IX3+2X5+3%x7+...+nx(2n+1)=

Solution  Suppose

S(): 1X3 4 2X5 4+ 3XT 4o tnx@nt1)= " FHDEES)

6

Putn=1
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11+ (41)+5)

SA): 1x3= ¢ = 3:(2)6(9) = 3=3
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
S(k): 1X3 4 2X5 4 3XT 4o +kx(2k+1):k(k+1)6(4k+5) ....... (i)
The statement for n =k +1 becomes
Sk+1):1x3+2X5+3X7 4., +(k+1)><(2(k+1)+1):(k+l)(k+l+6l)(4(k+l)+5)
s IX3 4 2X5 4 3XT oo +(k+1)><(2k+3)=(k+1)(k+62)(4k+9)
Adding (k+1)Xx(2k +3) on both sides of equation (i)
k(k+1)(4k 45
IX34+2X54+3XT +.nnnen. +k><(2k+1)+(k+1)><(2k+3)=76—7+(k+1)><(2k+3)
e IX3 4 2X5 4+ 3XT oo +(k+1)><(2k+3)=(k+1)("(4k+5)+(2k+3)]
&) k(4k+5)+6(2k+3)j
\ 6
—(kt D) 4k> +5k +12k +18
6
—(kt D) 4k*> +17k +18
6
—(kt D) 4k*> +17k +18
6
(kt 1) 4k> +8k +9k +18
6
—(ktD) 4k(k+2)+9(k+2)}
6
—(kt D) (k+2)(4k+9)j
6
_(k+1D)(k+2)(4k+9)
6

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 9
1 2
1x242x343x4 4t mx(n1) = " g(“ )
Solution Do yourself as Question # 8
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Question # 10
n(n+1)(4n-1)

1X24+3x4+5X6+...+(2n—1)x2n=

3
Solution Do yourself as Question # 8
Question # 11
1 1 1 1 1
+ - +..+ =1-
Ix2 2x3 3x4 n(n+1) n+1
Solution  Suppose
S(n):1+1+1+ .............. +1=—1
Ix2 2x3 3x4 n(n+1) n+1
Putn=1
OV T BN IS B BN |
1x2 1+1 2 2 2 2
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
S(k):1+1+1+ .............. +1=1—1 ............. (1)
I1x2 2x3 3x4 k(k+1) k+1
The statement for n=k +1 becomes
S(k+1):1+1+1+ .............. + ! =1- I
2 4 (k+1D)(k+1+1) k+1+1
1 1 1
= 1+—+—+.. + =l-—
(k+1)(k+2) k+2
Adding on both sides of equation (1)
(k+1)(k+2)
1 1 1 1 1 1 1
+ + F o, + + =1- +
I1x2 2x3 3x4 k(k+1) (k+1D(k+2) k+1 (k+1)(k+2)
1 1 1 1 1 1
+ + F o, + =1- 1-
Ix2 2x3 3x4 (k+1)(k+2) k+1 (k+2)
L (k+2-1
k+1\ k+2
oL [k+l
k+1\k+2
PR
k+2

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 12
1 1 1 1 n

+ + o, + =
1x3  3x5 5x7 Qn-1)2n+1) 2n+1
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Solution  Suppose
1 1 1 1 n

S(l’l) + + F o, + =
1x3  3%5  5%7 Qn-1)2n+1) 2n+1
Putn=1
say: = b 11
Ix3 2()+1 3 3

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

S(k):1+1+1+ .............. + ! =k .......... (1)
1x3 3x5 5x7 k-1)2k+1) 2k+1
The statement for n =k +1 becomes
S(k+1): ! + ! + ! F o + ! = krl
1x3 3x5 5x7 (2(k+1)—1)(2(k+1)+1)  2(k+1)+1
1 1 1 1 k1
= + + Foreeeeerrenes + NN
1x3 3x5 5x7 (2k+1)(2k+3) N2k +3
1
Addin on both sides of equation (i
g (k+1)(2k+3) quation (1)
1 1 1 1 1 k 1
+ + Foreeerernes + + = +
13 3x5 5x7 k-1 2k +1) N2k +1)(2k+3)  2k+1  (2k+1)(2k+3)
1 1 1 1 1 1
= + + F o, + = k+
1x3 3x5 5x7 (2R 1)(2k+3)  2k+1 (2k+3)}
1 (kQk+3)+1
2k +1 2k+3
1 (2K +3k+1
2k +1 2k+3
1 (2K +2k+k+1
2k +1 2k+3
1 (2k(k+1)+1(k+1)
2k +1 2k+3
1 Qk+1D(k+1)
2k +1 2k+3

| k+1

_(2k+3)
Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 13
1 1 1 1 n
+ + T + =
2x5 5x8 8xl11 Bn-1)Bn+2) 23Bn+2)
WWW.MEGALECTURE.COM
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Solution Do yourself as Question # 12
Question # 14

R S i ST +r"=r(1_r) (r#1)

I-r
. 2, .3 o r(1=r")
Solution Suppose Sn): r+r+r +... +7r" = .
—r
Putn=1
r(l— rl)
SA): r= = r=r
—r

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

SKk): r+r+7 4o, +ri=— (1)

The statement for n =k +1 becomes
Sk+1): r+r+r 4. +r7 =

Adding r**' on both sides of equation (i)

e _r(1=71")

PP+ 4, +r 4+ = + !
1-r
— r+r2+r3+ .............. +rk+1=r(1—rk)+rk+1(l—r)
1-r
r— I"k+l + I"k+1 7"k+2
B 1-r
I’—I"k+2
17
r(l—rk“)
I

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 15
a+(a+d)+(a+2d)+ . +[a+(n—1)d]=Z[2a+(n—1)d]
Solution  Suppose
S(n): a+(a+d)+(a+2d)+ o +[a+(n—1)d]=Z[2a+(n—1)d]
Putn=1

S): a=;[2a+(1—l)d] = a=;[2a+(0)d] = a=;[2a]=a

Thus condition I is satisfied
Now suppose that S(n) is true for n=k
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Sk): a+(a+d)+(a+2d)+............... +[a+(k—l)d]:§[2a+(k—1)d] ......... (i)
The statement for n =k +1 becomes
Sk+1): a+(a+d)+(@+2d)+.............. +[a+(k+1—1)d]:I€2H[2a+(k+1—1)d]
k+1
= a+(a+d)+(@+2d)+.counne.. +[a+kd]:7[2a+kd]
Adding a+ kd on both sides of equation (i)
a+(a+d)+(a+2d)+ .o, +[a+(k—1)d]+[a+kd]:§[2a+(k—1)d]+[a+kd]
= a+(a+d)+(@+2d)+ ... +[a+kd]:§[2a+kd—d]+[a+kd]
_k[2a+kd —d]+2]a+kd]
B 2
_ 2ak+k’d — kd2a+ 2kd
Z
_2ak+k’d +kd +2a
2
_2ak2a+k*d + kd
2
4 2a(k+1)+ kd(k +1)
2
_(k+D)(a+kd)
2
:k;1[2a+kd]

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integertyal

Question # 16
L 14+2:[24+393 4. +n-n=n+1-1

Solution

Suppose S(n): 1-[14+2:[24+3-[3+.............. +n-ln=n+l1-1
Putn=1

SMH: 1-1=1+41-1 = 1=2-1 = 1=2-1 = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): 1-1+42-12+43[3+ e +klk=lk+1-1............. (1)
The statement for n=k +1 becomes
Stk+1D: 1-[142:[24+3- 3+ +(k+D-|k+1=lk+1+1-1
= 11+2:12+3- 34, +(k+1)- k+1=k+2-1
Adding (k+1)-|k+1 on both sides of equation (i)
T 142:243- 3+ +k-k+k+1):|k+1=lk+1-1+(k+1)-|k+1
WWW.MEGALECTURE.COM
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= 11422433+ +(k+D)-k+1=k+1+|k+1(k+1)—1
=lk+1(1+k+1)-1
=lk+1(k+2)-1
=(k+2)k+1-1
=lk+2-1
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 17
a,=a+n-1)d When, a,,a, +d,a, +2d,... from an A.P.
Solution
Suppose S(n): a,=a,+(n-1)d
Put n=1

S: a=a,+(1-1)d = a,=a,+0d=aq,
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): a,=a,+(k-Dd ............. (1)
The statement for n=k +1 becomes

Stk+1): a,,,=a,+(k+1-1)d

=a, +(k)d

Adding d on both sides of equation (i)

a,+d=a+(k-1)d+d a,=a,+d
= a. =a+(k-1+1)d 4 =a,+d
. ! ak+1:ak+d

= a,,=a, +(k)d
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 18
a, =ar" When, a,,a,r,a,r’,... from an G.P.
Solution  Suppose S(n): a,=ar""

Put n=1

SW): a=ar™ = a=qr’=aq
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): a, = alrk_l ............. (1)
The statement for n =k +1 becomes

Stk+1): a,,, =ar™™"

_ k
=ar

Multiplying r on both sides of equation (1)

_ k=11
a.-r=aqr -r

_ k—1+1
= 4, =aqr
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_ k
= a.,=qr

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer n.

Question # 19
2 —_—
P+345 4o, +(@2n-1)7= ”(4”3 2
Solution
2 —
Suppose S(): P4+ 4o, +(2n—-1)2 = ”(4”3 D
Putn=1
2 —_— —
S(): 12=1(4(1)31) IR G 1=§=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
2 —
S(k): 2 +3+5 4. +(2k—1)2=kmk31) ...... ()

The statement for n =k +1 becomes
& +1) 4k +1)° -1

Sk+1D: P+34+5 4. +Qk+D -1 = ;
2 —
= P+34+5 4 +(2k+1)2;<(k+1)(4(k;Zk“) D
_(k+1)(4k* +8k+4-1)
3
_(k+1)(4k* +8k+3)
3
4K+ 8k +3k+ 4k +8k+3
3
A +12K +11k+3
3
Adding (2k + 1)2 on both sides of equation (i)
2_
P43 45+, +(2k—l)2+(2k+1)2=k(4k31)+(2k+1)2
2 2
= P+3+5 + +(2k+1)2:k(4k 1);3(2](“)
_ k(4k* —1)+3(4k> + 4k +1)
3
A —k+12k* +12k +3
3
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A+ 12K +11k+3

3
Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer n.

Question # 20
3 4 5 n+?2 n+3
+ + s R + =
3 3 3 3 4
Solution
S S()3+4+5+ +n+2 n+3
uppose n): | |+ |+ e, =
PP JHEINE 3 4
Putn=1

(7]
s~} 4)

L.HS =RH.S
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

s (o[ o 2Jemrmee (T2 s

The statement for n =k +1 becomes

S(k+1): @+(‘3‘]+@+ ............... +("+;+2]=(k+i+3j
:»( [ﬂ] (‘j@ _______________ {k;j{kﬁ

[[j) %8 _______________ [(}23%133}1%%«4?(/«33

o B N g %k}”k;‘] LHAC)

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 21
Prove by mathematical induction that for all positive integral values of .
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(1) n® +n is divisible by 2 (i) 5" -—2"isdivisible by 3
(iii) 5" —1 is divisible by 4 (iv) 8x10" -2 is divisible by 6
(v)  n’—n isdivisible by 6
Solution
(i)  Suppose S(n): n*+n
Put n=1
SA: P+1=2

S(1) is clearly divisible by 2, Thus condition I is satisfied
Now suppose that given statement is true for n=+k
Stk): K +k 0
Then there exists quotient Q such that k2 +k
k*+ k=20
The statement for n=k +1 ==
Stk+1): (k+1)" +k+1
=k*+2k+1+k+1
=k +k+2k+2
=20+2k+2 4+ k=20
=2(Q+k+1)
Clearly S(k+1) is divisible by 2.
Since the truth for n=k implies the truth(fdy n =k +1 therefore the given statement
is true for V ne 7" .
(ii))  Suppose S(n): 5" =2"
Put n=1
S(:5'-2'=3
S(1) is clearly divisibleby 3, Thus condition I is satisfied
Now suppose that gitei statement is true for n=+k
S(k): 5¢ -2¢
Then there exists quotient Q such that
5¢-2"=30
The statement for n=k +1
S(k+1): 5 -2
= 5.50-2.2"
= 5.5 -5.245.2"-2.2*
= 5(5*-2")+2"(5-2)
= 5(3Q)+2"-3 w58 -2=30
=3(50+2")
Clearly S(k+1) is divisible by 3.

Since the truth for n =k implies the truth for n=k +1 therefore the given statement
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is true for V ne Z".
(i11) Same as Question # 21 (ii)
Hint: S(k+1): 5" -1
=5.5-1 =55"-5+5-1
= 5(5-1)+4 =540 -4 - 55-1=40Q

(iv) Suppose S(n): 8x10" —2
Put n=1
S(): 8x10'—2=80-2=78=6x13
S(1) is clearly divisible by 6, Thus condition I is satisfied
Now suppose that given statement is true for n=+%
S(k): 8x10° =2
Then there exists quotient Q such that
8x10 -2 = 60
The statement for n=k +1
S(k+1): 8x10°" =2

=8x10-10" -2

= 8x10-10 —2-10+2-10-2 —ing & +ing 2-10
= 10(8x10" =2)+20-2

= 10(6Q)+18 - 8%x10°-2=6Q
= 6(100+3)

Clearly S(k+1) is divisible by 6.
Since the truth for n =k implies the truth for n=k +1 therefore the given statement
is true for V ne 7" .
V) Suppose S(n): n’ —n
Put n=1
SM: P-1=0
S() i.e. 0 1s clearly divisible by 6, Thus condition I is satisfied
Now suppose that given statement is true for n=+k
Sk): K-k
Then there exists quotient Q such that
kK —k=60
The statement for n=k +1
Stk+1): (k+1)° —(k+1)
=k’ +3k> +3k+1-k—1
=k’ +3k> +3k—k
=(k>=k)+3(k> +k)
=6Q+3(2Q,) Or k2+k=2Q,

=60+60Q’

Since n* +n is divisible by 2
Therefore n* +n=20Q’
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Clearly S(k+1) is divisible by 6.

Since the truth for n =k implies the truth for n=k +1 therefore the given statement

is true for V ne Z*.

Question # 22
1 1 1 1 1
*+72+ .............. + n:* 1—7
3 3 3 2 3
1 1 1 1 1
Solution Suppose S(n): — 4+ — 4. +—=—]1-—
PP () 3 3 3" 2( 3”}
Putn=1
so: 1=1(-4) = 1-12) S 1
3 2 3 3 2\3 3 3
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
1 1 1 1 1
Sk): —+—+.ceeeeren. +—=—|1——]..c.....} J(@
(k) 3 3 3% 2[ 3"j @
The statement for n =k +1 becomes
1 1 1 1 1
S(k+1) g'i‘?'i‘ .............. 3k+1_a( _3k+1j
Adding —- on both sides of equatigs, (%)
1 1 1 1 1 1 1
§+?+ .............. 7’7+3k+1_5 1—37 +3k+1
- 1+i+ 1 _1_ 1 1
FOREERNN 2 5 2.5 3.9

_1_1[3_2j _1_1[1j
2 36 ) 2 36

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 23
22243 424 peny 2= CDT '2”(”“)
WWW.MEGALECTURE.COM
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Solution Suppose
=D n(n+1)

S(ny: P =22 +3" -4 +.............. +(-1)"" -’ =

Putn=1
=D 11+ 1)

2
Thus condition I is satisfied

Now suppose that S(n) is true for n=k

S(): 1P =

— k_1.
S(h): P=2> 43 =42 4o pep gz = G Zk(k“) ............ i)

The statement for n =k +1 becomes

_ k+1—1.
Stk+1): P =22 +3* =4+ ...co..... A=) 1y = D (k;fl)(kﬂﬂ)

T /L Dt (k412 =D '(k;rl)(k”)

Adding (=1)* - (k +1)* on both sides of equation (i)

— k_l .
P=22 432 —4%+ . +(—1)"‘1-k2+(—1)"-(k+1)2=( D Zk(’”l)+(—1)"-(k+1)2

o P43 A F Dt = D 'k(k”);z(_l) (k+D)

RGN 1)[(—1)—% +2(k + 1)]
- 2
(D (k+ D[~k + 2k +2]
2
(=D (k+D(k+2)

2
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer n.

Question # 24
P43 4+5 4, +(2n-1°=n*2n* -1
Solution ~ Suppose S(n): I’+3°+5 +.............. +(2n-1°=n*2n* -1
Putn=1

SM: P=r(20°-1) = 1=12-1) =1=I
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
Sk): P+3+5 4+, +QRk-1D)’=k"Qk>=1) ..o (1)
The statement for n=k +1 becomes
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Sk+1D): P+3+5 +.. +QE+D-1)’=(*k+D*QKk+D* -1
= P4+3+5 4 +Qk+1)’ = (> +2k+ D) (2(k* + 2k +1)-1)
=(k>+2k+1D) (k> +4k+2-1)
= (k> +2k+1D)(2k* + 4k +1)

=2k* +4k> + 2k +4k> + 8k* + 4k + k> + 2k +1

=2k" +8k> +11k* + 6k +1
Adding (2k +1)* on both sides of equation (i)
Sk): P+3+5 4+ + k=1 +Qk+1° =k> QK> =D + 2k +1)°
= P+3 45 4, +(2k+1)° = k> 2k = 1) + (2k)* +3(2k)> (1) + 3(2k) (1)* + (1)°
= P43 +5 4, +k+1) =2k —k* +8k° +12k* + 6k +1
=2k* +8k> +11k*> + 6k +1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied ard\S(») is true
for all positive integer n.

Question # 25
x+1 is a factor of x™" —1;(x=-1)

Solution  Suppose S(n): x*" -1
Put n=1
SA): ¥V =1=x"-1=(x-D(x+1)
x+1 is clearly factor of S(1), Thus dendition I is satisfied
Now suppose that given statement\s true for n=k
S(k): x* -1
Then there exists quotieni(( stien that
2 -1=(x+1)Q
The statement for n% k +1
S(k+1): x**P

2 /{ZN+2 _1

=X - -1 +ing and —ing x**
=X =D+ & -1

=x*x-Dx+D+(x+DQ cxf—1=(x+1O

=(x+D(x*(x-D+Q)
Clearly x+1 is a factor of S(k+1).
Since the truth for n =k implies the truth for n=k +1 therefore the given statement
is true for V ne 7" .
Question # 26
x—y is afactor of x" — y";(x# y)

Solution  Suppose S(n): x" —y"
Put n=1
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SM: x'—y'=x—y
x—y 1s clearly factor of S(1), Thus condition I is satisfied
Now suppose that given statement is true for n=+k
S(k): x* —y*
Then there exists quotient Q such that
=y =(x-»0
The statement for n=k +1
S(k+1) xk+1 _ yk+1
= X xk —_ y . yk
= x-x—x Y +xy -y —ing & +ing x y*

=x(x* =y +y (x=y)
= x(x= )0+ y (x-y) vl =y =(e-»0
Clearly x—y is a factor of S(k+1).
Since the truth for n =k implies the truth for n =k +1 therefore the given statement
is true for V ne 7" .
Question # 27
x+y is a factor of x*"™ + y*";(x# y)

Solution  Suppose S(n): x"' + y*"

Put n=1

S): X201 y2(1)—1 = '+ yl —x+y
x4+ y is clearly factor of S(1), Thus condition I is satisfied
Now suppose that given statement is true for n =%

S(k) x2k—1 + y2k—1
Then there exists quotient Q such that

x2k71 + y2k71 :(X'l' y)Q

The statement for n=k +1

S(k+1): x2(k+1)—1 + y2(k+1)—1
2k+2-1 2k+2-1

=x** 4y
— x2k+2—1 _x2k—1y2 +x2k—1y2 + y2k+2—1 +1ng and —lng x2k—1y2

— x2k71(x2 _ yZ) + yZ(XZkfl + y2k71)

=x" T (x—y)(x+ )+ Y (x+ )0 Ty T =(x+ y)0

=(x+ (= »+y* Q)
Clearly x+ y is a factor of S(k+1).
Since the truth for n =k implies the truth for n =k +1 therefore the given statement
is true for V ne Z".

Principle of Extended Mathematical Induction
A given statement S(n) is true for n =i if the following two conditions hold
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Condition I. S(i) is true i.e. S(n) is true for n =i and
Condition II: S(k +1) is true whenever S(k) is true for any positive integer &,
Then S(n) is true for all positive integers

Question # 28

Use mathematical induction to show that

1+2+2% 4+, +2" =2""—1 for all non-negative integers n.

Solution ~ Suppose S(n): 1+2+2 + .. +2"=2"" 1
Putn =0 Note: Non- negative number are
SM:1=2""-1= = 1=2-1 = 1=1 0,1,2,3, e

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): 142427 4o, F2F =0 (1)
The statement for n=k +1 becomes
Stk+1): 1+242% 4. 42k = ok
— 2k+2 _ 1
Adding 2*"' on both sides of equation (i)
1+2+2% + e, +2F 428 =28 14267
= 1+2+4+ .. +2M =202" ~1 o 2M M =22k

— 2k+1+1 —l
— 2k+1+1 __1

Thus S(k+1) is true if S(k) is true, so c@rdition II is satisfied and S(n) is true
for all non-negative integers n.

Question # 29
If A and B are square matricesané-AB =BA, then show by mathematical induction

that AB" =B"A for any positive,integer n.
Solution  Suppose S(n): AB"=B"A
Put n=1
S1): AB'=R%A* = AB=BA
S(1) is true as we have given AB = BA, Thus condition I is satisfied
Now suppose that given statement is true for n=+%
S(k): AB=B*A................ (1)
The statement for n=k +1
S(k+1): AB*'=B""'A
Post-multiplying equation (i) by B.
(ABYB=(B*A)B
= A(B*B)=B*(AB) by associative law
= AB"' =B"(BA) > AB=BA (given)
=(B*B)A =B""'A
Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integers n.
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Question # 30

Prove by Principle of mathematical induction that n* —1 is divisible by 8 when # is and
odd positive integer.

Solution ~ Suppose S(n): n* -1
Put n=1
SM: 1)>-1=0
S(1) is clearly divisible by 8, Thus condition I is satisfied
Now suppose that given statement is true for n =k where k is odd.
Sk): k* =1
Then there exists quotient Q such that
k*—1=8Q
As k+2 is the next odd integer after k The statement for n=k +1
Stk+2): (k+2) -1
=k’ +4k+4-1
=k’ —1+4k+4
=80 +4(k+1) v kP + k=20
Since k is odd therefore k +1 is even so their exists integer 7 such that k+1="2¢
= Sk+2):=80+4(2¢)
=80 +8t
Clearly S(k+2) is divisible by 8 so condition II is satisfied.
Therefor the given statement is true for odd positive integers.
Question # 31
Use the principle of mathematical induction to prove that Inx" = nlnx for any integral

n=0 if x is a positive number.
Solution  Suppose S(n): Inx"=nlnx
Put n=1
SM): Inx'=D)Inx = Inx=Inx
S(1) 1s true so condition I is satisfied.
Now suppose that given statement is true for n=+k
S(k): Inx* =klnx................ (1)
The statement for n=k +1
Stk+1): nx*" =k +1)Inx
Now adding In x on both sides of equation (1)
Inx*+Inx=klnx+Inx
= Inx"-x=(k+1)Inx “Inx+Iny=Inxy
= Inx*'=(k+1)Inx
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all ne Z*.

Question # 32
n!>2" —1 for integral values of n>4.
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Solution  Suppose S(n): n!>2"-1 ; n=>4

Put n=4

S4): 41>2' -1 = 24>16-1 = 24>15
S(4) is true so condition I is satisfied.
Now suppose that given statement is true for n=+%

Sthy: k!'>2—1................ (1)
The statement for n=k +1

Stk+1): (k+1)!>2""~1
Multiplying both sides of equation (i) by £ +1

(k+Dk!>k+1)(2" -1

= (k+D!>k+1+2-2)2" -1 (k1) k= (k+1)!

= (k+D!>k-1+2)2" -1

= (k+D!>k-2"—k-2"+14+2-2-2

= (k+D!> (k-2 =2 —k)+2"" —1

= (k+D!>2""-1 v k2839 k>0 V k>4

Thus S(k+1) is true if S(k) is true, so condition IL{s satisfied and S(n) is true
for all integers n=>4.

Question # 33
n’ >n+3 for integral values of n> %
Solution  Suppose S(n): . >n+3 ; n>3
Put n=3

S(3): 3*>3+3 = 9>A4
S(3) is true so condition I igrsatisfied.
Now suppose that given statetent is true for n=+%
S(k): k> >k+3%3 ... (1)
The statement for @3k + 1
Stk+1): (kD) >k+143 = (k+1)’>>k+4
Adding 2k +1 on both sides of equation (i)
k> +2k+1>k+3+2k+1
= (k+1)’>k+4+2k
= (k+1)’>k+4 ignoring 2k as 2k >0
Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all integers n=>3.

Question # 34
4" >3" +2"" for integral values of n>2.
Solution ~ Suppose S(n): 4" >3"+2"" s n>2
Put n=2

S2): >3 +2" = 16>9+2 = 16>11
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S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=+%

S(ky: 4" >3 +2 (1)
The statement for n=k +1

S(k + 1) . 4k+1 > 3k+1 + 2k+1—1

— gt 5 gk ok

Multiplying both sides of equation (1) by 4.
445 >43 +2
41> 4.3 +4.2¢
4> 3+1)-3"+(2+2)- 24"
4 >3.3 435 42,28 4 2. 2F!
44 >3 4 0k 4 (3K 4+ 2%)
44> 30 ok ignoring 3" +2" as 3* +2* >0
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all integers n=>3.

b U4y

U

Question # 35
3" < n! for integral values of n>6.
Solution Suppose S(n): 3" <n! ; n>6
Put n="7

S(7): 37 <7 = 2187<5040
S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=+%

The statement for n=k +1
Stk+1): 3 <(k+1)!
Multiplying both sides of equation (i) by £ +1.
(k+1)3" <(k+1)k!

= ((k-2) +3)3" <(k+1)!

= (k=-2)3"+3" < (k+1)!

= 3 <(k+1)! v (k=2)3">0 V k>6
Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all integers n>6.

Question # 36
n!>n’ for integral values of n=>4.
Solution  Suppose S(n): n!'>n’ ;n=4
Put n=4

S(4): 41>4> = 24>16
S(4) is true so condition I is satisfied.
Now suppose that given statement is true for n=+%
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Stky: k!'>k>................ (1)
The statement for n=k +1
Stk+1): (k+D! > (k+1)*
Multiplying both sides of equation (i) by k+1.
(k+Dk! > (k+Dk?
= (k+D!'> (k+1D(k+1) v k+1<k® YV k>4
= (k+D!> (k+1)°

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all integers n=>4.

Question # 37
34+5+T+. +(2n+5)=(n+2)(n+4) for integral values of n=>-1.
Solution  Suppose S(n): 3+5+7+....cccce.... +2n+5=n+2)(n+4) ; n=>-1
Put n=-1

SED:3=(-1+2)(-1+4) = 3=13B) = 3=3
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Sk): 3+5+T7+.............. +Rk+5)=(k+2)(k+4%/y........... (1)
The statement for n =k +1 becomes
Stk+1): 3454+ T+ oeeene. +Q2*k+D+5) = (A D) +2)((k+1)+4)
= 345+ T+, +(2k+7)=(E43)(k+5)
Adding (2k+7) on both sides of equationl(i)
Sk): 3+5+7+.............. + 252+ Rk+T)=(k+2)(k+4)+2k+T7)
= 3454+ T4, LK+ =k +2k+4k+8+2k+7
=k*>+8k+15
=k>+5k+3k+15
=k(k+5)+3(k+5)
=(k+5)(k+3)

Thus S(k+1) is«caerif S(k) is true, so condition II is satisfied and S(n) is true

for all integers n=>—1.

Question # 38
I+nx<(1+x)" for integral values of n>—1.
Solution  Suppose S(n): 1+nx <1+ x)" in=2
Put n=2

S2): 1+42x<(1+x)° = 142x<14+2x+x°
S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=+%
S(k): 1+kx<(I+x) ...l (1)
The statement for n=k +1
Stk+1D: 1+ (k+Dx< 1+ x)
Multiplying both sides of equation (i) by 1+ x.
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A+ k) 1+ x) <A+ 21+ x)
= l+ke+x+k” <1+ x)"
= l+kx+x<(1+x0)" v k>0

= 1+k+Dx<q+x)"
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all integers n>2

If you found any error, please report us at www.megalecture@gmail.com
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